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Abstract

Stress analysis of eccentric ring is carried out in bipolar coordinate system under uniform internal and external pressure. Airy
stress function is chosen in such a way that it satisfies the bi-harmonic equations and boundary conditions in bipolar coordinate
system. Stresses are obtained for various parameters such as eccentricity, various inner radius to outer radius ratios. Effect of
eccentricity is investigated on the stresses of the eccentric rings. Results are useful for the design of eccentric rings.
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1. INTRODUCTION

Rings or cylinders with eccentric hole are widely used in
engineering structure. These holes are usually cause the =
change of stresses, displacements and decrease the load
carrying capacity. The two dimensional problem of stress

distribution in an elastic isotropic disk containing an Pi =3

eccentric circular hole has been studied in this paper by ﬁ

using Airy stress function in bipolar coordinates system.

Mathematical formulation for elastic stress fields in bipolar ! : r; EE;‘ X
coordinate systems are seen in (Desai and Kant (2015)).

Aim of the present study is to investigate the effect of the
hole on the stresses in eccentric rings at the vicinity of the

hole.
2. PROBLEM FORMULATION AND a g
DESCRIPTION Fig. 1. Bipolar coordinates systems for problem of a

disk/ring of radius R containing an eccentric circular hole

The problem of eccentric rings subjected to uniform internal of radius r in a disk.

and external pressure is considered and shown in Fig. 1. and
defined as bi-polar coordinates. We assume rings are made

up of elastic material. The elastic ring has inner radius r, B2V —(7+2)—( 2
outer radius R and eccentricity e, also both member are ,81 = cos_l h [{ } { } ( }]
subjected to the uniform pressure. The inner and outer Zer
contours of the eccentric ring are defined byP; and P,
respectively. -2 - o >
_f R< )—{7 +l e
7 e 1 5 [(R2)=(r2)+(e?)]
ZeR )

The length a and the thickness of the ligament A are given
by

. Jema T oo oW Am2p2
H—Ze\/(ﬁ +ogr %) — 4r-Re,
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A=R—-r—e, ==0.6
R )

Where, a is a positive length and e is an centre to centre
distance between outer circle and inner circle. Inner(r) and
outer radius(R) of the circle can be defined bya/sinhf3

3. STRESS IN BIPOLAR COORDINATES

The problem is formulated using an Airy stress function ,
which satisfied the biharmonic equation (Radi et. Al
(2009), Chen (2011)),

5*hx §*hx | 8%*hx §2hx 82hx
6p* +26a25ﬁ2+ Sot 2 T 2 da? thx=0 3)

Where,
hx = @ /a?*(cosha — cosf3)

@ =Alogp + BB*logB + CB* + D “

It is modified stress function. Corresponding stress are given
by the relations:

2

af = Z;Z (cosha = cosp) —5—smha-%(5mﬁ) 1 hxcosha

()

o =a;%(cosha - cosp) —ismha ——(smﬁ) + hx cosf
(6)
_ O _
fa = 5poa (cosha — cosf) )

The Stress distribution is symmetric with respect to the X-
axis, the modified stress function hx can be derived from
most general equation of the bi-harmonic equation in bipolar
coordinates, which contains only derivative terms in f5 , so
Shear stress 1, become Zero, in the present case because of
uniform  pressure.  Airy stress function becomes
(Timoshenko (1970)),

@ = Alogf* + C[R*

Pi and P, the uniform internal and external pressures. Then
boundary conditions are (Timoshenko (1970)),

(o)pr = —F;
(O_)BZ = —PFp 9)

Unknown constants A and C are found from the boundary
conditions and substituted into the equations (5) and (6)

o = A/a* [( cosha® ) + (logP cosB cosha) + (Zsmﬁ wsm) ( sp COSM) +

(

L) — (logB)(cosB?) — (2 sinf cosp/B) — (cosp>/B?) — (cosha) (sinB)/

B — (logB)(sinB?*) + (cosB sin/B) + logpP (cosha?) — (log B cosf cosha)] +

C/a? [2(cosha?) — (2 cosp cosha) + (4 sinf cosha) + (B2 cosp cosha —

(2 cosha cosB) + 2(cosB?) — (4 B sinf cosB) — (B?) (cosB?) —

(2B) (cosha sinf3) — (2f cosp sinfB) + (B?) (sinf?) + (B?) (cosha?) —

(B?) cosp cosha]

oa =%[(logﬁ)(605hfxz) — (logB)(cosha)(cosp) — (

cosBsinf (logp cosha cosf) — (1095)(50552)]

B

(10)

cosha

) sinf — (logB)(sinf?) +

+ % [(B%) (cosha®) — (%) (cosp) —

(28)(cosha)sinf + (28)(cosB)(sinf) — (B?) (cosha cosf) + (B?) (cosp?)]

(1
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Tga =0 (12)
Stresses can be found out using equation (10) and (11) with
the help of constant value A and C .

4. RESULTS AND DISCUSSIONS

Numerical value and variation of stresses o, and op are
shown in Fig.2. For the case when a = 5 m, = 0.246 m for
inner circle and f = 1 m for outer circle. Result are obtained
forR=8m r=2m =127 m, f,= 0.40 m and o=n/3
radian. Value of inner and outer pressure is 1 psi or 6894.75
N/m? . 1t is found from Fig. 2 that value of o, and op
increases with B (coordinate which is a logarithmic ratio
between the two focal length of two circles, Arfken (2011))
near the boundaries of the eccentric rings. When, § = 8,, Eq.
(10) gives op=P,
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Fig. 2 Variation of stresses ¢, and o3 through the thickness
and the bipolar coordinate f3

5. CONCLUSION

The analytical solution for stresses has been carried out in
an eccentric ring with circular hole subjected to uniform
internal and external pressure. Airy’s stress function is used
which satisfies the biharmonic equation in bipolar
coordinate system. Stresses are obtained in bipolar
coordinate system. The results are new and can be used for
designing eccentric rings subjected to uniform internal and
external pressure.
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